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Unusual threshold effects are found theoretically in the frequency and intensity dependence of angular
distributions produced by an elliptically polarized laser as well as in the elliptic dichroism parameter,
which measures the asymmetry of the angular distribution.
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PACS numbers: 32.80.Rm, 32.80.Gc, 32.80.Qk

The use of elliptically polarized laser light fields has
added a new dimension to the study of multiphoton
processes. Although the first theoretical analysis of the
ionization of a bound electron by an elliptically polarized
field was carried out in 1966 [1] (as a generalization of the
well-known Keldysh results for linear polarization), it was
the experimental observation in 1988 [2] of asymmetries
in above threshold ionization (ATI) angular distributions
(ADs) from rare gas atoms that sparked much subsequent
work. The observed asymmetries cannot be described
within the Keldysh approximation, but require explicit
treatment of the binding potential [3–5]. Subsequently,
the general form of ATI ADs was analyzed for detachment
from both s states [6] and closed p subshells [7], their
dependence on the laser ellipticity was both analyzed [8]
and measured [9], and realistic numerical predictions for
the H2 ion were given [10]. Most recently, the necessary conditions for elliptic dichroism (ED) in 2-photon
ionization have been analyzed [11], elliptically polarized
light has been used to perform complete experimental
2-photon ionization measurements [12], and the role of
rescattering in ATI with elliptically polarized light has
been studied [13,14]. Note that these studies of ATI ADs
have generally emphasized the ellipticity dependence for
particular laser frequencies and intensities.
In this Letter we present accurate numerical results on
the global frequency and intensity dependence of the multiphoton detachment ADs produced by elliptically polarized
light and of the corresponding ED, both of which are found
to show unusual features in the vicinity of multiphoton
detachment thresholds. Wigner-cusp features in above
threshold detachment (ATD) and in high-order harmonic
generation spectra were predicted some time ago [15,16].
For ADs and ED produced by elliptically polarized light
we find other features that appear in both their frequency
and their intensity dependences. Specifically, (i) as the
laser intensity increases and nears the closing of the
lowest-order detachment channel, the probability for
electron ejection along the major polarization axis tends
to zero; i.e., the ejected electrons have a significant velocity component in the plane perpendicular to the major
polarization axis. (ii) ED parameters for odd-photon ATD

We measure energies (and h̄v兲 in units of the unperturbed
binding energy jEp
0 j and the peak laser field strength F
in units of F0 苷 p 2mjE0 j3 兾jejph̄. We also use the parameter g 苷 F兾共 2 v兲 苷 1兾共 2 gK 兲, where gK is the
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peaks are found to be zero (nonzero) for frequencies
below (above) the threshold of the next lower evenphoton ATD channel; also, the ED parameters alternate
their signs in the vicinity of the opening of each new
ATD channel. (iii) As a function of intensity, the ED
parameter exhibits a decreasing trend from positive values
at low intensities, passing through zero to negative values
with increasing laser intensity and exhibiting a thresholdrelated staircase-type behavior. Our results were obtained
using a quasistationary quasienergy state (QQES) approach [17] for the detachment of an electron bound in
a three-dimensional, zero-range potential. This approach
permits essentially exact predictions for laser intensities
extending from the perturbative to the nonperturbative
intensity regime and for frequencies extending from the
tunneling to the multiphoton regimes. In particular, this
approach treats accurately the effects due to the binding
potential, which are necessary to obtain the proper symmetries for the ADs produced by elliptically polarized
light. Note that our approach has the flexibility to reduce
either to the Keldysh approximation, if binding potential
effects on the escaping electron are ignored, or to the
perturbative results, if an expansion in the laser intensity
is performed.
We consider an electron in a three-dimensional, zerorange, d-model potential interacting with an elliptically
polarized field treated in the dipole approximation:
ê 1 ih关k̂ 3 ê兴
p
e苷
,
F共t兲 苷 F Re兵ee2ivt 其,
1 1 h2
where k̂ is the laser propagation direction, ê is the direction of the major polarization axis, and h is the ellipticity. For this model, the QQES approach leads to the
following eigenvalue problem for the complex quasienergy
e 苷 E0 1 D 2 iG兾2, where D is the Stark shift and G is
the total decay rate of the bound level [18]:
q
X̀
共 2nv 1 g 2 2 e 2 1兲fn 苷
Mn,n0 共e兲fn0 . (1)
n0 苷2`
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well-known Keldysh parameter. The fn in Eq. (1) are
Fourier coefficients of the periodic in time QQES wave
function, Fe 共r, t兲, at the origin 共jrj ! 0兲. The matrix elements Mn,n0 共e兲 involve one-dimensional integrals of Bessel
functions, which can be evaluated using either a series expansion in g 2 兾v [18] or an analytic continuation procedure [19] (for high intensities, when the series expansion is
slowly convergent), which requires a more substantial numerical effort. Using the asymptotic form at jrj ! ` for
the properly-normalized function Fe 共r, t兲 (cf. Ref. [20]),
the differential n-photon detachment rate in the direction n
(defined by spherical angles u and w in a frame with the
Z axis along k̂ and the X axis along ê) is
p
dW 共n兲
苷 2j kn An j2 ,
dV
X̀

µ

(2)
∂µ

∂2p

2Fkn
n?e
jn ? ej i
2
v
jn
? ej
p苷2关n兾2兴
µ
∂
∂
µ
X̀
n ? e ⴱ 2p
2Fkn
1
f2p J2p2n
jn ? ej i
,
v2
jn ? ej
p苷关n兾2兴11
(3)

An 苷 共21兲n

fp J2p1n

p
where kn 苷 e 1 nv 2 g 2 is the complex “photoelectron momentum,” n $ 关jReej 1 g 2 兴兾v, and 关x兴 is the
largest integer less than x.
The symmetries of ADs and the existence of ED (defined
as a difference in dW 共n兲 兾dV for h ! 2h or, equivalently,
for e ! eⴱ ) are established from the explicit dependence
of the amplitude An on the polarization-angular phase
factor 关共n ? e兲兾jn ? ej兴2 . An is given by the exact result
(3), where the coefficients f6p depend only on the degree
of linear polarization l 苷 共1 2 h 2 兲兾共1 1 h 2 兲; i.e., they
are independent of the sign of h. The ED terms in the AD
(2) are those proportional to odd powers of
Im兵共n ? e兲2 其 苷 j共n ? ê兲 共n ? 关k̂ 3 ê兴兲 ,

(4)

where j 苷 2h兾共1 1 h 2 兲 is the circular polarization degree. This factor (and hence ED) vanishes for the case
of circular polarization, j 苷 61, since only the coefficient fn with n 苷 0 in Eqs. (1) and (3) is nonzero for this
case [18]. In general, inversion symmetry of the AD exists due to parity conservation, i.e., the AD is invariant to
n ! 2n. Also, the AD is invariant to a rotation by an
angle p around the direction of k̂, since this equals a simultaneous rotation by an angle p around the directions of
ê and 关k̂ 3 ê兴. Neglecting the ED terms, ADs exhibit an
additional symmetry with respect to separate rotations by
an angle p around either ê or 关k̂ 3 ê兴. The ED terms destroy this symmetry and cause the well-known asymmetry
of ADs originating from the ED effect. Thus the asymmetry of ADs illustrates an interesting physical phenomenon
specific to an elliptically polarized field: the light-helicity
dependence of multiphoton cross sections, which vanishes
133001-2
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for the case of pure circular polarization. We note also the
general symmetry of ADs with respect to the substitution
j, k̂ ! 2j, 2k̂, i.e., the equivalence of ADs in two experiments with opposite helicities and directions of a laser
beam. Obviously, if one neglects the coefficients fn (as is
done to reduce the exact results for a zero-range potential
to the Keldysh approximation [18,21], which is equivalent
to neglecting the effect of the binding potential on the escaping electron in both intermediate and final states [22]),
the ED, and thus the asymmetry of the AD, vanishes. All
of these symmetries and the ED effect are clearly seen
in Fig. 1, which shows the three-dimensional ADs for 3photon detachment at h 苷 60.4 for v 苷 0.4 (in which
case there is no ED, see below) and 0.8.
To analyze the dependence of the ED on frequency and
intensity, we introduce the ED parameter, d 共n兲:
d 共n兲 苷

dW 共n兲 共h兲兾dV 2 dW 共n兲 共2h兲兾dV
,
dW 共n兲 共h兲兾dV 1 dW 共n兲 共2h兲兾dV

(5)

where the differential rates are measured in the direction
of the geometrical maximum of the effect [cf. Eq. (4)]:
u 苷 p兾2 (i.e., in the polarization plane) and w 苷 p兾4
(i.e., halfway between the major and minor axes of the polarization ellipse). In Fig. 2 we plot d 共n兲 (for n 苷 2, 3, 4, 5)
as a function of v at low intensity, i.e, in the perturbative
regime, where the AD does not depend on the intensity.
The n-photon rate exists only for v . 1兾n (the n-photon
threshold). The most remarkable feature is that both the
3- and 5-photon processes do not present any asymmetry
over the ranges 1兾3 , v , 1兾2 and 1兾5 , v , 1兾4 respectively (cf. Fig. 2 for n 苷 3, 5). Similar observations
can be made for any odd n. We explain this effect using the lowest order perturbation theory (LOPT) limits of
Eqs. (1) and (3). As an example, in the LOPT we obtain
the following analytic expression for A3 :
∏
∑
k3 F
共k3 F兲2
2
. (6)
A3 苷 2 共n ? e兲 f21 2 f0
共n
?
e兲
v
6v 4
p
p
Since, in the LOPT, f0 苷 1兾 2p and kn 苷 nv 2 1,
the key to understanding the peculiar behavior of the asymmetry lies in the v dependence of f21 :

FIG. 1. 3-photon detachment AD at (a) v 苷 0.4 and (b) 0.8
and low intensity for right and left elliptically polarized light.
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FIG. 2. The ED parameter d 共n兲 vs frequency, for the low intensity (perturbative) regime. Ellipticity is h 苷 0.4.

f21 苷 p

i共2v 2 1兲3兾2 2 2i共v 2 1兲3兾2 1 1
lF 2
p
.
4
2p 6v
1 1 i 2v 2 1
(7)

Im兵f21 其 is zero for v below 1兾2 and nonzero above the
2-photon threshold. Subsequently, Im兵f21 其 changes its
sign at the 1-photon threshold, which is reflected in a sign
change of d 共3兲 at v 苷 1 (cf. Fig. 2). The LOPT expression
for A2 , on the other hand, involves the same coefficients,
f0 and f21 , and, therefore, starting from the threshold
for this process 共v 苷 1兾2兲, Im兵f21 其 is nonzero and so
is the parameter d 共2兲 . In general, for the 2p and 2p 1 1
processes for p $ 1, the key role is played by Im兵f2p 其,
which is zero below v 苷 1兾共2p兲 and changes sign in the
vicinity of each higher threshold up to v 苷 1.
We consider now how ADs are modified as the laser
intensity increases from the perturbative to the nonperturbative regime for the cases in which the detached electrons absorb n elliptically polarized photons with h 苷 0.4.
For v 苷 0.8, Fig. 3 displays the 2- and 3-photon ADs
from low laser intensities to the intensities corresponding
to the closures of those particular channels. (The closing
of channels involving lower numbers of photons as the intensity increases is well known. It is due mainly to the
increase of the ponderomotive threshold shift, Up ⬅ g 2 ,
which cannot be compensated by the much smaller Stark
shift, D, of the bound level.) At low intensity, the ADs
are strongly peaked along the major axis of the polarization ellipse (i.e., the vertical axis in Fig. 3). As the intensity increases, the probability of electrons being ejected
along this axis decreases and more electrons are ejected
perpendicular 共n 苷 2兲 or at an angle w 艐 p兾4 共n 苷 3兲.
For each case, at some intensity before the channel closing,
no electrons are ejected along the major polarization axis.
This effect is caused by significant interference of terms
with different p in Eq. (3) for the detachment amplitude
in the nonperturbative regime and occurs (for slightly different values F) for an arbitrary polarization, except purely
circular, including linear polarization. For intensities still
133001-3

FIG. 3. 2-photon (left) and 3-photon (right) detachment ADs
at v 苷 0.8 and h 苷 0.4 and several values of the peak field
strength, as indicated in the figure. The directions of ê and k̂
are the same as Fig. 1. The different figures have been scaled
so that they have the same size.

closer to threshold, the AD’s revert to those expected for
the lowest photoelectron angular momentum allowed by
parity selection rules (e.g., L 苷 0 or 1), in accordance with
Wigner’s threshold law, i.e., the AD is isotropic (for even
n) or cos2 u dependent (for odd n). Similar situations were
found by us in calculations of other n-photon detachment
rates for n . 3.
The asymmetry of the ADs is seen in Fig. 3 to be
strongly connected with the electrons ejected along the
main polarization axis. As F increases and electrons are
ejected perpendicularly or obliquely to ê, the ED decreases
and at the limit of the channel closing, when Wigner’s
threshold law applies, the asymmetry tends to 0. We plot
in Fig. 4 the ED parameter d corresponding
to the total
P
detachment yield dW共h兲兾dV 苷 n$nmin dW 共n兲 共h兲兾dV.
At lower intensities, for each of the frequencies considered, the dominant contribution is given by the channel
involving the minimum number of photons required for
detachment. The deep minima correspond to the closing
of different channels. As the intensity increases, above
threshold detachment plays a more important role: the process involving the minimum number of photons for detachment (considering also Up ) is of similar magnitude to those
involving more photons. Even though the higher intensity
can significantly change the magnitude of the asymmetry,
133001-3
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δ

the nonperturbative regime requires an exact account of
both the imaginary part of the “momentum” kn in Eq. (3)
and of the binding potential effects on the escaping electron. Regarding the applicability of our findings for actual
atomic systems, we note that our approach agrees quite
well with multielectron predictions for H2 [23]; we expect the present results to apply to any system involving a
short-range potential.
This work was supported by NSF Grant No. PHY0070980, by RFBR Grant No. 00-02-17843, and by Grant
No. E00-3.2-515 of the Russian Ministry of Education.
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FIG. 4. Total ED parameter d 苷 关dW共h兲兾dV 2 dW 共2h兲兾
dV兴兾关dW 共h兲兾dV 1 dW共2h兲兾dV兴 as a function of field amplitude for four different frequencies. Ellipticity is h 苷 0.4.

the scale on which these changes appear is strongly related to the magnitude of the asymmetry in the perturbative domain of intensities. For example, at v 苷 0.4, the
asymmetry is exactly 0 at low intensity and does not exceed 0.1 at high intensities. In contrast, for v 苷 0.8 each
d 共n兲 共n $ 2兲 has a considerable magnitude at low intensities and consequently so does the total d, including also
when one increases the intensity. One sees in Fig. 4 that
for all frequencies, as F increases, there is a general decreasing trend of the asymmetry. The decrease continues
below the value 0 so that the absolute value of the asymmetry increases at higher F. This trend is especially interesting at the low frequency, v 苷 0.4, where it appears
that an increase of F will cause a significant asymmetry in
spite of the small value of d at small and medium values of
F. However, for any F, as v decreases the asymmetries in
the ADs tend to decrease and vanish in the tunneling limit,
v ø 1.
In conclusion, we have presented novel threshold effects
on the ADs of electrons detached from negative ions by an
elliptically polarized field. As the laser intensity increases
we find a decrease in the number of electrons ejected along
the major laser polarization axis, becoming zero at an intensity close to the channel closing. This effect has an
interference origin and cannot be explained in terms of the
Wigner threshold law. We have analyzed the global frequency and intensity dependence of the ED, which measures the asymmetry of the ADs. The ED effect originates
from the interference between real and imaginary parts of
the detachment amplitude An . Its correct description in
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